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Abstract

This paper considers a multi-period setting where a monopolist, with short-term
commitment, rents one unit of a durable good to a single consumer in every period.
The consumer’s valuation constitutes his private information and remains constant
over time. By using a mechanism design approach, the paper shows that, when the
monopolist and the consumer are sufficiently patient, the optimal renting strategy
is to offer a simple price in every period. Although sophisticated mechanisms can
make separation feasible when price-posting cannot achieve it, this happens pre-
cisely when separation is dominated by pooling. Moreover, the monopolist’s choice
of whether to discriminate or not depends on a simple and apparently myopic rule,

reminiscent of its static equivalent.
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1. Introduction

Following the seminal contribution by |Coase (1972)), the durable goods literature offers
valuable insights about the difficulty of exercising monopoly power in the absence of long-
term commitment. While most results come under the assumption of simple price-posting,
recent advances in dynamic mechanism design by |Skretal (2006) and Doval & Skreta
(2019b) show that this assumption is without loss of generality in a selling framework.

When a durable good is rented rather than sold, the optimality of price-posting re-
mains an open issueE] Although the textbook analysis in [Bolton & Dewatripont, (2005)
finds price-posting to be optimal in a two-period setting, [Breig (2020) provides a four-
period example for the sub-optimality of itE] The present paper uses a mechanism design
approach with short-term commitment to investigate the optimality of price-posting in a
setting with an arbitrary number of periods. The main contribution is to show that the
monopolist cannot gain from offering a more sophisticated contract than a simple price in
every period. However, this result depends intricately on the discounting of future pay-
offs. In particular, price-posting is optimal when the discount factor is either sufficiently
high or sufficiently low. This positive finding complements [Breig (2020) negative result
because his example for the sub-optimality of price-posting relies on the discount factor
taking intermediate values.

The paper considers a monopolist (she) renting a durable good to a single non-
anonymous consumer (he) with unitary demand and private information about his valu-
ation. The monopolist and the consumer face each other in a multi-period setting. While
with two periods, the future information rents can never exceed the information rents of
the current period, with more periods, the continuation values restrict how much separa-
tion the monopolist can achieve. Moreover, a multi-period environment provides a setting
in which the monopolist can engage in a gradual learning strategy.

Hart & Tirole| (1988) show that, when the number of periods is large, a monopolist
renting a durable good is unable to price discriminate until the very end of the game.
However, their setting restricts the monopolist to deterministic mechanisms: either the

monopolist delivers the product after the consumer pays the required price or she does

'Renting differs from selling in that there exist new trade opportunities even after a positive transac-
tion.

2Beccuti & Moller| (2018) show that the optimality of price-posting in [Bolton & Dewatripont, (2005)
is an artifact of the assumption that the monopolist and the consumer weigh future payoffs equally. In
particular, price-posting turns to be suboptimal when the monopolist is more patient than the consumer.
Bikhchandani & McCardle| (2012) also consider the case with different levels of patience, but looks for
the optimal prices when the monopolist has long-term commitment.



not deliver it at all.ﬂ Thus the monopolist’s trade-off is simply between pooling (i.e., rent
to any consumer at a low price) or price discrimination (i.e., rent to high types only at a
high price).

The present paper extends the Hart & Tirole (1988]) model by looking for the optimal
menu of contracts for each period. In particular, the monopolist is not restricted to set a
sequence of prices and, as a consequence, the monopolist may achieve separation through
random mechanisms. While with deterministic mechanisms, the monopolist separates by
refraining from trade with one type, with random mechanisms, the monopolist achieves
separation by trading with both types with differing probabilities.

Related Literature. This paper connects to the literature on dynamic adverse selection,
which shows that the ratchet effect harms the mechanism designer’s market power due to
her lack of long-term commitment. While the seminal papers (see, for instance, Freixas
et al.| (1985)), Laffont & Tirole| (1987), and |Laffont & Tirole| (1988)) restrict attention to
a two-period framework, Hart & Tirole (1988]) allow for longer horizons, but focus on
price-posting. [Devanur et al.| (2019)) study the dynamic pricing problem for a continuum
of types, comparing the partial commitment with the short-term commitment case. This
paper relaxes the assumption of price-posting in a framework with an arbitrary number

of periods.

2. Model

A monopolist and a consumer interact repeatedly during a finite number of periods T' > 2.
In each period t, the monopolist rents one unit of a durable good produced at zero COStEI
The consumer demands one unit of the good per period and is privately informed about
his per-period valuation, denoted as his type. The consumer’s type can be low (6, > 0)
or high (fy > 0;1) and is constant across periods. Define A0 = 0y — 601, and let 5 € (0,1)
denote the monopolist’s (prior) belief about the consumer’s probability of having a high
type. Both players discount the future with the same discount factor § € (0, 1).

The monopolist has short-term commitment, i.e., she can commit to a renting mech-
anism only for the current but not for future periods. In a setting in which there is direct
communication between the consumer and the monopolist, as the one considered here,

Bester & Strausz (2001) show that a modified revelation principle appliesﬂ It allows the

3This restriction is present only in their short-term commitment case, while in the rest of the paper,
they allow for general mechanisms.

4The environment considered in the present paper is equivalent to the repeated sale of a perishable
good.

5See |Doval & Skretal (2019a) for a setting with general communication devices.



monopolist to restrict to direct mechanisms and requires the consumer to reveal his true
type only with strictly positive probability but not with certainty as in the static setting
(Myerson| (1981))).

Thus, at the beginning of every period, the monopolist offers a direct mechanism
that specifies a payment from the consumer to the monopolist w,, € R and a likelihood
of product-delivery z,, € [0,1] conditional on the consumer’s message m € {l,h}. Let
qr € [0,1) and gy € (0,1] denote the probability with which the low- and the high-type
consumer reports m = h respectively. After observing a message the monopolist updates
her belief about the consumer’s type following Bayes’ rule: [, = 5(17” and £, = 6(11%(‘5’),
where ) = Bqy +(1—0)qy is the ex-ante likelihood that the consumer reports a high type.
Without loss of generality, the analysis focuses on the case where gy > qr (equivalently
Br > 6 > Br). When qg < qr, it is possible to rename messages and to interchange their
roles.

When the consumer reports m his (instantaneous) surplus is given by x,,0 — w,, while
the monopolist’s (instantaneous) payoff is w,,. In the next period, the monopolist uses
her updated belief 3, to propose a new mechanism. In what follows, V;;1(5,,) denotes
the monopolist’s continuation value for period ¢. Similarly, U/, (6,,) and Uk (8) denote
the high- and the low-type consumer’s continuation values respectively.

Using Perfect Bayesian Equilibrium as the solution concept, the monopolist’s proposal
at any period must be sequentially optimal given the reporting history up to that period.
This is, the monopolist looks for the mechanism that maximizes her expected payoff taking
into account the consumer’s strategic behavior and her (potentially updated) belief about
the consumer’s type. Therefore, in period ¢, the monopolist solves

xl’xh’whl{%%d’q}]w@wh + Vi1 (Bn)] + (1 = Q)[wr + 6Vira (8]

subject to

zh0n — wy + UL (By) > 20y — wy + UL, (B),  (with equality when gy < 1) (ICy)
x,0r, — w; + UL (8) > anfr — wi, + 6UL L (Br),  (with equality when g > 0)  (ICy)
xp0n — wy + SULL (Br) > 0, (PCq)
05, — w; + UL, (8) > 0. (PCY)

At any period, the consumer could choose not to participate and wait for the next
period. In this case, the consumer not only gets zero instantaneous surplus, but it is

also assumed that he gets zero continuation Valueﬂ Note also that, at some particular

6Since Bayes’ rule does not apply after non-participation, it can be assumed that, in such a case, the



beliefs, the monopolist is indifferent among several mechanisms. To avoid more than one
continuation equilibrium, the analysis assumes that the monopolist can credibly “promise”
to offer the mechanism that reduces the consumer’s reluctance to report his typeﬂ For
future references, a mechanism is a price-posting mechanism when there exist a z,, €
{0,1} and a price p € R such that w,, = px,, for all m € {i, h}.

The monopolist’s problem can be simplified using standard techniquesﬂ In particular,
in any period the monopolist chooses xp,, x;, 1, ¢y to solve the reduced program:

max 0$19L+Q9H<$h_$l)+

Th,21,9L<1,qH>
+ (1= Q)0Virr(B) + Qo{Via (Bs) — (U1 (B) = UL (B}, (1)
subject to

) ) o
— U (5) = UHL () 2, with equality if g, > 0. (DMC)

The proof uses the fact that, as in the static case, the participation constraint of the

high type (PCp|) is redundant, and the participation of the low type (PC7) is binding
at the optimum (implying UtLJrl = 0 for any t). However, in contrast to the one-period

Tp

setting, it is not clear which incentive constraint is binding at the optimum. Suppose

(ICL)) is binding while ([Cy)) is slack. Since (PCp)) is also binding, the price wy, is then
equal to z,0r. Alternatively, if (/Cy]) is the binding constraint, then it follows from

w; = 10, (i.e., from (PCL|) binding) that
wy, = ;b + (2, — 200 — S[UL(8) — UL (Bn)],
20y + (xn — 20)0m — 6[UST, (B) — UL (Bn)] + 2nbr — 2401,
= (z, — ) A0 — S[ULL (B) — UL (Br)] + znby,
> :CheLa

where the last inequality is due to the (DMC). Thus, by making binding, the
monopolist cannot be worse off.

The Dynamic Monotonicity Constraint (DMC') results from substituting the
into . It not only requires the allocation to be increasing in the reported type but

monopolist assigns probability one to face a high-type consumer. Hence, the monopolist sets a high price
in the next period and the consumer’s continuation value is zero.

"For instance, in the last period 7', the monopolist is indifferent between pooling and separating when
B =0r/0g. Thus, when the monopolist’s prior belief is higher than 8y, /0y in T — 1, she promises to offer
separation if her posterior belief becomes 61, /0y after observing message [. Using the , it can be
seen that the incentives to truthfully report for the high-type consumer is larger when UX (5;) = 0 (due
to future separation) than when UH (3;) = Af (due to future pooling). For the low-type, continuation
values are zero under both mechanisms.

8A formal proof can be found in [Beccuti & Méller| (2019).



also imposes a wedge between the high-and the low-type’s allocation. This wedge is a
consequence of the ratchet effect: If the high-type consumer makes his type public, he
will lose his future information rents (i.e., U (8) — UM (By)). Therefore, to induce
the consumer to reveal his type, the monopolist has to compensate him. In particular,
when the monopolist does not want to refrain from trade with the low-type consumer,
the (DMC') determines that the compensation comes in form of a reduction in ;. Notice
that 6 = 0 recovers the static case and its standard monotonicity constraint, when the
ratchet effect does not play any role and there is no need for such compensation.

The (DMC') explains the difference with the Hart & Tirole (1988)) approach. In
particular, it restricts the degree of separation that the monopolist can achieve. Note, first,
that an increment in x;, improves the monopolist’s objective while it relaxes the constraint,
implying =7 = 1. It follows that, separation by price-posting, i.e., with x; = 0, may not
be feasible if the number of periods remaining is sufficiently large. For instance, fully
separating types via price-posting (with both types reporting truthfully) is not feasible
when § is sufficiently high since d[UF,(0) — UH,(1)] = 6[ "V §°A6) > Af. As an
alternative, the monopolist may offer a semi-separating price-posting mechanism inducing
0 < B, < By = 1. Hart & Tirole| (1988)) show that, if the number of periods is large enough,
even such semi-separating price-posting is not feasible (i.e., §[UfL,(8;) — UZ,(1)] > Af)
and hence, when the monopolist is restricted to price-posting mechanism, she can only
offer pooling.

However, for the same number of periods and monopolist’s prior belief, the monopolist
may still achieve some separation by offering a random delivery contract (i.e., z; € (0,1))
and making (DM C') binding with ¢, > 0., i.e., she can choose another pair ¢, > 0,qg < 1
such that 1 — 5 [U2,(8) — U, (8)] = 2 > 0. The choice between pooling and this type
of semi-separation is absent in [Hart & Tirole| (1988), due to their restriction to simple

price-posting mechanisms.

3. Optimality of price-posting

The next proposition presents the main result of the paper.

Proposition 1. Suppose there are r > 2 periods remaining and § € (6*(r),1), where
6*(r) 1is the unique solution to 6" 2(1+ ) = 1 in (0,1). Then, the profit-maximizing
renting mechanism is deterministic, x;, xp € {0,1}, i.e., it can be implemented by simple

price-posting.

All formal proofs can be found in the Appendix. In the following, we explain the



intuition for the result of Proposition [I}

In any period, the monopolist has two alternatives. She may pool types (i.e., x; = 2}, =
1), giving up to the possibility of learning about the consumer’s valuation. Alternatively,
she may induce separation either by refraining from trade with the low type altogether
or by offering him a random allocation. Note that the objective in the reduced program
(1)) is linear in x; and decreases in z; if @Q > 01, /0y. Suppose that the monopolist chooses
to separate types by inducing @) < 6;/0y. In this case, the monopolist’s payoff increases
with the likelihood of trading with the low type. Thus, the monopolist would like x; to be
different but as close as possible to x}. However, the (DMC') imposes a restriction for the
maximum value of x;. This restriction arises as a cost of separation and, if the monopolist
expects to receive a message [ with high probability (i.e., @ is low), she is better off
by not reducing the likelihood of trading with the low-type consumer, i.e., by pooling
types. On the other hand, suppose she wants to separate by inducing @ > 61,/0g and
reducing x;. As in the two-period case, if it is feasible to induce a (potentially different)
high @ with ¢, = 0, then the monopolist will do so since the (DMC') does not bind
and she can offer the separation price-posting x; = 0. With more periods to go, this
separation is feasible only if the prior £ is high enough. For intermediate values of the
prior, g;, = 0 is not feasible because, if ¢ is sufficiently large, the (DMC') does not hold
even for 3 = B: [Uf,(8) — U, (1)] > &¢. Therefore, she can only separate by inducing
qr > 0 when the (DMC) determines the random allocation x; € (0,1) which decreases
with 6. However, notice that for a large discount factor, and even when the monopolist
restricts her learning to a small difference [U/,(8,) — U, (85)], the likelihood of trading
with the low type is small. Therefore, the monopolist faces a high cost of separation in
exchange for low learning, and she is better off by pooling types.

The requirement that § > 6*(r) ensures that z; is low while the feasible learning is
rather restricted. In particular, 6"72(1 + §) = 1 implies the the high-type consumer can
gain information rents in at most one period, i.e., [UZ,(8) — UL, (8)] < A6.

As a result of the proposition, the monopolist has only to decide whether to pool
or to separate types by incurring the cost of not trading with the low-type. As in the
two-period setting, when the monopolist offers a separating price-posting, she does it by
inducing truth telling from the low-type consumer. With such a mechanism, she is certain
of facing a high-type after observing the message h. Therefore, for ¢q;, = 0, it must hold
that 1 — &Uﬁl(ﬁl) > 0 since the monopolist can only offer a mechanism that satisfies
the (DMC). As U, (B) is decreasing in /3, we can define f, as the smallest 3, for which
this inequality is still satisfied. In correspondence to Bl, let gy denote the likelihood with



which the high-type is required to tell the truth to induce the posterior Bl. With the help
of ¢y, the next corollary states a rule governing the monopolist’s choice between pooling

and separation.

Corollary 1. The monopolist finds it optimal to separate types when BqgOy > 01, and

to pool them otherwise.

Whether it is optimal to induce information revelation or not depends on a simple and
apparently myopic rule. To choose between separation and pooling, in any given period
the monopolist only needs to compare the payoffs of that period, disregarding all future
payoffs. In particular, separation is optimal if the maximum feasible present period payoff
from inducing the low-type to report truthfully is larger than the payoff from pooling both
types, i.e., if 8 -qg - 0g > HLH

Continuation values matter only in that they determine how much separation the
monopolist can possibly induce. This limitation goes unnoticed in a setting with two
periods because, with only one period to go, future information rents can never exceed
the information rents of the current period. Only by considering the case with more than
two periods, it becomes clear that the degree of separation the monopolist can achieve can
become restricted, making her choice between pooling and separation non-trivial. The

following example serves to further illustrate these points.

Example. The monopolist’s ability to learn is limited according to

AN,
= > UL (8), @

with B, =1 (i.e., q =0), and B = Bf%g;’) from Bayes’ rule.

In a two-period settings, the consumer’s continuation values are (see, e.g., Bolton &
Dewatripont| (2005))

0  iff>ge
H(py _ 7
while in the three-period case,
0 s gt
UH (B) =< 0A0 if B €[5k, gL5u0e]

(1+0)A0 if < g-

9Note, however, that the monopolist needs to take into account continuation values to decide among
different semi-separating price-postings.



Note that, in the former case, condition (@ holds for any B, while in the latter case, the
monopolist cannot induce 5y < 01 /0y when § is sufficiently large.

The following picture illustrates the two-period setting (left hand panel), and the three-

Ou 01 0 +300)

period one (right hand panel) when the monopolist’s prior belief is € [9H7 e G5 A0

U (Br) Ut (B
(1+68)A6 | —_— g
A6 =6 = 7.
-2 Bttty Sl et H
=>p=0
A8 -
5A0
— ‘ qu ‘ ‘ q
BOy — 6, 1 BOy — 6, 1 H
BA8 BAO

Let 0, =1, 0y =2, f =2/3, and 6 = 3/4. In the two-period setting, there is no limit,
B-1-0g =4/3 > 1, and the monopolist separates types. However, when T = 3, Bl =0.5
and, from Bayes’ rule, Gy = 22— = 0.5. It follows that B - Gy - Oy = 2/3 < 1 and the

B-B)
monopolist finds it optimal to pool types. Alternatively, if B > 3/4, then B - qy - 0y > 1

and the monopolist offers separation.

Proposition (1| and its Corollary show that the price-posting is optimal when ¢ is
sufficiently high . In the opposite case, when ¢ is sufficiently low, it is straightforward
to see that price-posting must also be optimal. In particular, for § < 1/2 it holds that
SIUF L (0) — UH,(1)] = o[ 6°A0) < AB for any number of periods and, hence,
the (DMC) holds for any combination of posterior beliefs. As a consequence, q; = 0 is
feasible for any prior. Thus, when the prior is larger than 0 /0y, the monopolist finds
it optimal to separate with z; = 0 by inducing Q = Sqy > 01, /0y, while for low priors,
she finds it optimal to pool with @ < 61/0y. On the other hand, for intermediate values
of the discount factor, [Breigl (2020) shows that a monopolist restricted to price-postings
may find it optimal to set a low price that the high-type consumer accepts while the low-
type randomizes between acceptance and rejection. However, such price-posting makes
the (ICg) slack and can therefore be improved upon by the use of a random allocation.

Hence, the optimality of price-posting must be non monotonic in the discount factor.



The next observation collects this implication. Since its proof is direct from previous

discussion, it is omitted.

Observation. The optimality of price-posting is not monotonic in the level of patience.

4. Conclusion

The dynamic pricing problem when a monopolistic renter has short-term commitment
has been broadly studied. This paper uses a mechanism design approach to derive the
optimal renting strategy and shows that a restriction to price-posting comes without loss
of generality when the discount factor is above a threshold. The choice between separation
or pooling follows a simple and apparently myopic rule that only considers current payofts.
In particular, in a two consumer-types setting, separation is optimal when the monopolist
can induce types to reveal themselves in a way that makes the likelihood of renting at a

high price larger than the ratio of types.

Appendix A - Proofs

Proof of Proposition : The discussion following the reduced program at already
shows that for z; = 1 in any period. It remains to show that § > ¢*(r) the optimal
x; € {0,1}.

The proof consists of two steps. Step 1 presents some useful properties of continuation
values when the discount factor is large. Next, Step 2 proceeds by induction to show that
x; € {0,1}.

Step 1: Suppose any period t € {1,...,7} and let r be the number of remaining
periods at the beginning of the current one (i.e., any period {t,t+1, ..., T} is equivalent to
a period denoted with {r,r —1,...,1}). For the proof, and with the purpose of simplifying
the notation in it, we refer to the remaining number of periods 7.

Assume that 6 € (6*(r), 1), where §*(r) is the unique solution in (0,1) to 6" 2(144) = 1
when r > 2.

The difference U2, (3;) — UE,(B) (= UL (B) — UL, (Br)) is (at most) equal to the
sum of the future information rents of the high-type consumer. Since the per-period
information rent is A, the total future information rents in play is Af(1 + ... + 6" 2).
Hence, a difference in the continuation values larger than A is, at least, equal to 6" 3(1+
9)A0 (i.e., the sum of the last two periods). However, in such a case, the (DMC') does

10



not hold, since

d 621+ 6)A0
1_E[U£1(ﬁz)—Uﬁl(5h)] Sl—% .
In other words,
U (68) — U (Br) € {0,6"2A0, ..., 6A0, AG}, 3)

and, by misreporting, the high-type gains informational rents in (at most) one period.
Step 2: From here, the proof proceeds by induction showing that the monopolist
either pools by offering x; = 1 or separates with z; = 0. In particular, when ther are
r remaining periods, there is a threshold 3, (with B> B> .. > ,5’1) such that, for
any [ < BT, the monopolist finds it optimal to pool types (i.e., ; = 1), while for any
B > f3, she finds it optimal to separate them with price-posting (i.e., &y = 0). In the
former case, w.l.g., q; = ¢j;. In the latter, the low type does not randomize between
contracts (i.e., ¢; = 0 and [, = 1), while the high type may randomize with ¢}, < 1 such
that UH ,(8) € {0,6"2A0}. At B = 3,, the monopolist is indifferent between pooling or

separating types, with qugvr(&)elf +0V,_1(B,) = 01, + 6V,_1(B,), where qr,(B) denotes
6737‘—1

. . ﬁ(l_Br—l)

Br_1 = inf{B; : U7 (B) < §"2A0}. This is, for any 8 > B,_1, Gu.(3) is the maximum

feasible ¢y when g;, = 0. Additionally, Cme(/ér) = q}{ﬂn(ﬁr) for every r.

The last two periods are well known (see, e.g., Bolton & Dewatripont| (2005), Chapter
9). In the last period T, when r = 1, the monopolist offers {(z},z})} = {(1,1)} with
q; = qy for 5 <0,/0u, and {(z},2}), (q},q5)} = {(0,1),(0,1)} otherwise. The payoffs

are

the optimal gy for the monopolist’s belief . Additionally, let ¢g,(8) = where

_ [ Baybn w0 B>
ORI ORE SVY ()

H
When r = 2, the monopolist again offers pooling for low priors, while separates for large
ones. In particular, she offers full separation (qj, ¢};) = (0,1) for an intermediate value of

the prior belief, while semi-separation (¢}, ¢i;) = (0, 222202) for large values. The payoffs

BAO
are,
Bqy 0 + 630y 0 if 5> Z’T;%
Va(B) = { Baiybu + 06, UH(B) ={ 500 if B €[5k, Gl . (5)
O + 00y, (1+0)A9 if B < g&

19To simplify notation, in the main text, g5 and ¢y denote qp(3) and Gu . (3) respectively. For the
purpose of the proof, the notation is now more specific.

11



Note that BQ = ﬁl = 01,/0y, where the monopolist is indifferent between separating with
q}{Z(BZ) = 1 and pooling. Moreover, G :(53;) = q}h(@) in both ¢ = {2,1}.

Suppose now that in period r — 1 the monopolist offers a price-posting to separate
types when her belief is larger or equal than B._1, or to pool them otherwise.

In any period the monopolist solves the reduced program . Because the objective
is linear in ;, then zj € {0,1 — Z[U™,(8) — U (8], 1}, with the random allocation
xp=1—2 UM (8)—UH (By)] € (0,1) as the only one that is not a price-posting. Notice
that the case in (3) with UZ,(5) — U™, (B,) = 0 implies that the random mechanism
allocates x; = 1 as with the pooling price-posting.

When the monopolist screens types with z; = 1— -2 [UH (8) — U, (83)], the reduced
program at becomes

max 0 +5(1 — Q)V,_1(8) + 6QV,_1(By) — 6(1 — Q)e—L[Uﬁl(ﬁo — U ,(Bu)]. (6)

qL<l,qg>0 AO

When 8, > §; > 3, where i € {r—1,...,1}, the monopolist is giving information rents
to the high type in period 7 only after observing a message [. Thus, from , it must
be U (8) — U (B,) = 6" *Af. Because the monopolist cedes information rents in at
most one period, from period ¢ — 1, the monopolist either pools or separates types under
both posteriors. In the former case, she gives information rents no matter the messages
reported and her expected continuation value for each of those periods is 8. In the latter
case, she does not give information rents after any message, getting (1—-Q) B34y ;;(51)0u +
QBnar j<i(Bn)0r = 5q}"q’j<i(5)9f1.ﬂ Otherwise, the “degree” of learning would be different
and this would reflect in future U/ () — U/{(8y). Hence, QVi—1(8) + (1 = Q)Vi1(B) =
Viea(B). ) A

We consider now two cases: 2.1) when the prior is 5 < §,_1, and 2.2) when 8 > 3,_;.

2.1) Suppose the case < Br_l. Since the monopolist is screening types with the
random mechanism, then it must be that BH—I > By > Bl > 6 > Bi_l for some i €
{r —1,...,1}. A larger difference between 3, and g, e.g., f; < B;_1, implies that, while
after message h the monopolist pools in period ¢+ 1, after message [ she pools from period
1+ 1 to ¢ — 1. This is, by misreporting, the high-type increases his future information
rents in at least two periods, contradicting .

Therefore, the monopolist’s payoff is

r—(i+1)

O > 6"+ 0" QBudi(Br)0u + IV (B). (7)

n=0

HGeparation under both posteriors is only possible for those periods j in which 3; > Bj-
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Since Q = %, then

QB i(Br) < QBndm.i(Br)

_ BBy b= P

5h - 5l ﬁh(l — ﬁz‘ﬂ)

ﬁ - Bifl ﬁh - Bz’fl
< = =
= by B = )
L B=Bi
- Bl = Biy)
= 64H,z(ﬁ)>

and the monopolist’s payoff has the upper-bound

r—(i+1)
O, > 0"+ 08" Bdui(B)0u + 0TIV (B).
n=0

When 3 € [Bi_l,ﬁi], then B4pi(8)0n < BZqLZ(BZ)OH = 0, and the monopolist is better
off by pooling up to period ¢ — 1, achieving

6L 0"+ 8D B (B)0m + 5 IVia(B).

n=0

When g € (BZ-,BiH], then the monopolist pools types up to period 7 + 1. In period ¢,
and because also (), € (,@z, Bz‘+1], she separates them with a price-posting that induces the
same posterior ;1 than the random mechanisms, i.e., with 8qy ;(8) = QBrqs ;(8n)-

2.2) Consider now the case [ > B,,,l, i.e., when the random mechanism induces a
separation such that U (3) — UH ,(By) = 6" 2A4.

When the posterior §; < BT_l, it applies the previous analysis for ¢ = r — 1. This is,
the monopolist achieves, with the random mechanism, at most the same payoff than with
pooling.

On the other hand, when 3, > Br_l, with the random mechanism the monopolist

separates types in » — 1 under both posteriors, i.e.,

(1—=Q)V,1(B) + QVi—a(Br) =

r—3

= Z 5i[(1 - Q)ﬁlqg,i—l(ﬁl) + Qﬂhq}k{,z‘—ﬂﬁh)]eH + 5r_2[(1 - Q)HL + QﬁhQH]-

=0

13



Since 3 > fB,_1, it must be that UX,(5) = 6" 2A0. Hence, the monopolist maximizes
0
max_ 0+ 5(1 = Q)Viea (B) +9QV,a(5) — 6(1 = Q) 5U1 (B)

qr.<l,qg >0

= max_ O+ Y 81— Q)i 1(5) + QBndiri 1 (Bn)0n + 8 QBu0n
i=1

qr.<l,qg>0
r—2
= Dax  fp+ Z_; 8B — qu) a1 (Br) + Baudiyi—1(Bn))0n + 6" Baubu.

The monopolist finds it optimal to induce the lowest feasible g, (i.e., B,_l) and the
highest feasible 3, (i.e., 85 = 1) such that U7 (8;) — U ,(8,) = 6""2A8 by choosing q;, =
0 and gy = §g,. To see this, suppose any other pair gz, ¢g such that UZ ,(3,) = 6" 2A0
and UM ,(8,) = 0. Then,

B(1 - QH)q;I,ifl(Bl) + ﬁqu;I,ifl(ﬁh) < B(1 - (jH,r(B))q;{,iﬂ(Br—l) + BC?H,T(B)QZ,H(D
& (1- QH)QE,i—l(ﬁl) —(1- QH,T(B))QE,i—1(Br—1) < qu.(B) — C]quuq(ﬁh)-

Notice that both qf;; () and q;],i—l(BT—l) must induce the same posterior §; if we want

to have the same U/, (f;) in both cases. Thus, using (1 — qu)qf,_,(5) = a BQ) ﬁll_gl it

follows that

* - * A _ ; N AN _ AVA 2
(1= au)qri—1(B) = (L = qu e (8)) i1 (Br—1) = R _Bl)[(l QB —B) — (1= Q)(Br—1 — B1)]

< j[(l Q1 =5) —(1-Q) 1~ 5

= QH,T(B) )
< Gur(B) — quap ;1 (Br)-

Therefore, by setting ¢g = ¢u,-, the monopolist achieves:

0 + Z 8'[B(L = dr.r (B)) 551 (Br—1) + Birrr (B))0n + 6" Birr»(8)0n

= 9L +4(1 - 5QH,T(5))Vr—1(Br—1) +0BG4m(8)Vea(1) — 5T_1(1 — Bau.(8))0r  (8)

However, by offering a separating price-posting with z; = 0, the monopolist can also
induce UX () — UR ,(B,) = 6" 2A0, in which case, the (DMC') holds with strict in-
equality,

1-0"1>0
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implying ¢, = 0 (i.e., B, = 1). Thus, the monopolist can induce the same posteriors
than with the random mechanism. After plugging into the allocation x; = 0, the

monopolist gets

Bar(B)0m + 6(1 — Bin+(B)) Vi1 (Bro1) + 68, (B)Vioa (1) — 6" ' Bdp,(B)AD.  (9)

Because 8qu ()0 € [0, 0] for B € [Br_l, 1], and is continuous and increasing in (5, then
there exists 3, > 3,_; such that quAH,r(B,,)GH = #;,. Hence, for any prior larger or equal
to BT, the monopolist is better off by separating with the price-posting x; = 0 than with
the random allocation.

On the other hand, for a prior 8 < BT, the separation by random allocation dominates
the one by price-posting. However, in such a case, the monopolist is better off by pooling.

With pooling the monopolist achieves

VPl = 0 + 6V, _1(B)
=0+ 5qu<I}§IX71{BQH0H +6(1 = Bar)Ve—o(Bir—2) + 6Bau[Via(1) — UL 5(Bir—2)]}
(10)

On the other hand, with the random mechanism she gets which is equivalent to:

=0 +6{(1— BQH,r(ﬁ))[Br—lq}kf,r—ﬂgr—l)@]{ +6(1— Br—1q;1,r_1(@—1))%—2(527"_2)"‘
6BT71Q;LT71</87’*1)‘/;“*2(1) - 537’*1(];[,7”71(BT*1>UT}£2<ﬁl>tr72)]+
+ BG4 (8)[0n + 6Vio(1)] — 6" 2Bqu,-(B) A6},
with 37, _, = B,_y because q}}mfl(ﬁr,l) = Gy.r—1(By—1). Using the identity (1— B (8))(1—
Br14i,—1(Br-1)) = (1 — Bag,_1(B)), the previous payoff is equal to
01+ {8451, (8)0r + 6(1 = Bz, (B))Via(Br2)+
08451,-1(8)Vea(1) = 6(1 = Ban,(8)Br-1051,—1 (B ) ULLo(Br—2) — 67 Bajy . (B) A0}
< 01+ 6{Bd51,_1(8)0 + (1 — Baiy,_1(8)Vi2(Bro2)+
0B451,-1(8)Vea(1) = 6845, (B)USL5(5r)},
with equality for the prior BAT. Note that the last expression is the solution of .
To show that qAH,T(ﬂAT) = q}lvr(ﬁl), let suppose the contrary. Since quLT(BT) must yield
UH . (B;) = {0,0""2A0}, then, if it were the case with U2 () = 6"72A0, it should be that
Gur(Br) = qj{lvr(,@,n) by definition. On the other hand, if it were UX () = 0, it should

be qu}}’r(ﬁr)ﬁg < 0. However, in this case, the monopolist, by offering the random

mechanism gets

max 0+ (1 —Q)V,_1(5)) + dQV,_1(5n),

qr<l,qg>0
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and she is strictly better off than with the separating prices posting, yielding to a contra-
diction.

Finally, using the previous identity and algebraic manipulation, it is straightforward
to show that @) is equal to ‘D when the prior is §,. Thus, quLT(BT) = 0,/(0nf,) is
the optimal ¢qg for such a prior. Moreover, both payoffs are continuous and increasing
in the prior, while 9(V® — V(19)/93 > 0. Hence, the monopolist prefers the separation
price-posting over pooling when 5 > BT. [ ]

Proof of Corollary [1}

From previous proof, we know that, at the prior BT, the monopolist is indifferent be-
tween offering pooling or the separating price-posting, while she prefers the latter for larger
priors. Note that, for 3 > /3., the monopolist can always induce Q = Banr(B)0u > 0
while for lower priors 8¢, (5)0n < 0. Thus, the monopolist knows that she has to offer
the separating price-posting when the maximum feasible separation satisfies that condi-

tions. m
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